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YUCJEHHBIA METO/I PEIIEHUSA KPAEBOM CMEIIAHHOM 3AJIAYN,
MOPOXJIEHHOU MO PEPEHIIMAJIBHBIM YPABHEHUEM JIAILIACA

XKazpiknaes A.K., O.A.TopunHa

AnHotanus. Ilpu mccner0BaHHM CTAMOHAPHBIX NPOLECCOB PA3JIMYHON (GH3MYecKol NMPHUPOABI YACTO
NPHUXOAAT K ypPaBHEHHMSIM JJuiunruyeckoro tuna. HambGonee pacnpocTpaHeHHBIM ypaBHEHHMEM J3TOr0 THIIA
siBJsieTcst ypaBHeHue Jlanuaca. M3ydyeHue ypaBHeHMi J3JIJIMIOTHYECKOr0 THINA IO3BOJMJIO CO3AaTh MOIIHBIH
MaTeMaTHYeCKHH anmapar JJisl pelieHusi APYruX 3a/1a4 MaTeMaTH4yeckoii (pM3NKHU, B TOM YHCJIe ISl yPABHEHH
TeNJIONPOBOJHOCTH W ypaBHeHMs KoJseO0anuii. He cMoTpsi Ha mpocTOTy 3amucu, MOMCK YACTHBIX pelleHHi
ypaBHeHus Jlannaca siBJSIIOTCA JOBOJIbHO 3aTPYAHUTEABHBIM, B IEPBYIO 04epeab U3-3a HAJTUYHUS 0COOBIX TOUYEK.
OueHb 4YacTO B TAKHX OCOOBIX TOYKAX HAPYLIAIOTCSI KPUTEPUH KOPPEKTHOCTH 3aJayd MaTeMaTHYecKoi
¢pusuxn. B HexkoTOPBIX ciaydasix yaaercsi 000iTH 3TH 0cO0eHHOI TOYKH NMPHU MOMCKe NMPHOJIMKEHHOI0 pelieHHus
yHucaeHHbIMU MeTogaMu. Ilo3ToMy, MOCTpOEHNe YMCIEHHBIX METOA0B pPellleHUs] KPaeBbIX 3a1a4, MOPOMAKICHHBIX
auddepeHnnaJbHbIM - ypaBHeHueM Jlanuaca, sABJAsieTcsl AKTYAJbHBIM  HalpaBJeHHEM COBPeMEHHOM
MaTteMaTHKU. PaGoTa mocBsilieHa ONMMCAHMIO YHCJIEHHOr0 MeTOJa pelleHUsl CMENIAHHOW KpaeBOW 3ajauM AJs
ypaBHenus Jlannaca. Takue 3agaun MMEIOT IIHPOKUI KPYr NPHIOKEHH B Pa3IMYHBIX 00jaacTax (pusukm u
TexHUKH. CMelIaHHBIe KpaeBble YCIOBHSl SIBIAIOTCH OOIIMM CiIy4YaeM, NPeJCTABISIOIUM KOMOWHALMIO
yeaosuii Heiimana wum  Jlupuxiie, m03TOMY pPACCMOTPEHHBI AJrOPUTM SBJSETCS YHHBEPCAJIbHBIM I
YHCJIEHHOT0 PellleHHs] KPaeBbIX 3a/a4, MOPOsKAEHHBIX YpaBHeHUuAM Jlaniaca.

KiioueBble ciioBa: an(b(bepeﬂunanbﬂme YpaBHCHUSA € YaCTHBIMH MPOU3BOAHBIMHU, YPABHCHUSA DJUIMITUYCCKOIO TUIIA,
YpaBHCHUA J'Iarmaca, CMCIIAHHBIC T'PAHUYHBIC YCJIIOBUA, METOA CETOK.

NUMERICAL METHOD OF SOLUTION OF THE BOUNDARY MIXED PROBLEM,
GENERATED BY THE DIFFERENTIAL LAPLACE EQUATION

Zhazykpaev A.K., O.A.Torshina

Aannotation. In the study of stationary processes of different physical nature often, come to the equations of
elliptic type. The most common equation of this type is the Laplace equation. The study of equations of elliptic
type allowed creating a powerful mathematical apparatus for solving other problems of mathematical physics,
including the equation of thermal conductivity and the equation of oscillations. Despite the simplicity of writing,
finding particular solutions to the Laplace equation is quite difficult, primarily due to the presence of singular
points. Very often at such special points violated the criteria of correctness of the problem of mathematical
physics. In some cases, it is possible to bypass these special points when searching for an approximate solution by
numerical methods. Therefore, the construction of numerical methods for solving boundary value problems
generated by the Laplace differential equation is an actual direction of modern mathematics. The work is
devoted to the description of the numerical method for solving a mixed boundary value problem for the Laplace
equation. Such problems have a wide range of applications in various fields of physics and technology. Mixed
boundary conditions are a general case representing a combination of the Neumann and Dirichlet conditions;
therefore, the considered algorithm is universal for the numerical solution of boundary value problems
generated by the Laplace equations.

Keywords: partial differential equations, equations of elliptic type, Laplace equations, mixed boundary conditions, the
grid method.

B nacrosimee BpeMsi G0JIbIIIOE KOJHMYECTBO JIMTEPATYPhl MOCBALICHO PEIICHUIO MEPBOU U
BTOpOIl KpaeBoil 3amaun g ypaBHeHus Jlammaca [8-10]. Takue 3amaum Ha3bIBalOT 3aJadaMu
Hupuxne u HeiimaHna, cooTBeTCTBEHHO. B TO ke Bpems, CMEIIAaHHBIM T'PAHUYHBIM YCIIOBHUSIM
TIOCBSIIEHO JI0BOJILHO HEOOJIBIIIOE KOTHUECTBO HCCIIETOBAHUM.

1. IlocranoBka 3axaumn

[ycre B mnockoctu JX) 3amana npsMoyroyibHas 00IacTh



Q={0<x<a,0<y<h}.
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2. MeToa KOHEYHBIX pa3HoOCTei
s uncaennoro pemenus 3aaayu (1)-(3) OyzneM uCHonb30BaTh METOJ KOHEUHBIX PAa3HOCTEH WU
METO]T «CeTOK» [1].

IMokpoem ob6macte 2 cerkoif (pucyHok 1). YacTHble mpousBoaHble u3 ypaBHeHus (1)

anMpOKCUMHUPYEM LIEHTPUPOBAHHBIMHU pazHOCTHBIMU GopmynaM [3]. [Tomyuum
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Pucynok 1 — Cetka ans obnactu Q={0<x<a, 0<y <bh}
Jliia rpaHuuHBIX ycinoBul (2) u (3) ucnoabp3zyeM annpokcuMmanuio [4] ¢ pa3HOCTBIO BHEpE],

MOJTYYHM:
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PaBenctBa (4) u (5) oOpa3yroT cuctemy anreOpandecKux YypaBHEHHH, OTHOCHTEIHHO

nepeMeHHbIX  U; ; (i =0,N, j=0,L), xoropas MoxeT OBITb pEUIEHA TOYHBIM WJIH

MpUOIMHKEHHBIMU MeToAaMH [4].
3. HNTepaninoHHbIl MeTO/ pellieHUsI CUCTEM KOHEYHO-PA3HOCTHBIX YPABHEHM
Pemenue cucrembr ypaBuenuii (4)-(5) meronom ['aycca ymoOHO ymiibe Tpu HEOOJBIIOM
KoJnuecTBe y3710B. B cmyuae Oonee Menkoro pa30OMeHMs] [aHHBI METOJ OKa3bIBaeTCs
BBIUMCIUTENHHO HEA((HEKTUBHBIM, IIOATOMY HCIOIB3YIOT CIEIMaIbHbIe UTEPALIMOHHBIE METOIBI.
J171g cucTeM KOHEUHO-Pa3HOCTHBIX YpaBHEHUH, allMpOKCUMUPYIONINX ypaBHeHue Jlamaca, B
KaueCcTBE TAKOTO METO/1a MOKET OBITh HCIIOIB30BaH mpoiiecc ycpeanenus Jlnobmana [5].
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JlokazaHo [6], 4TO [aHHBIA METOJ CXOIUTCS, HE 3aBUCUMO OT BBIOOpa HAYATHHOTO

MPUOIMKEHHUS, T.€. CYIIECTBYET Mpeae
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Jlnist yCKOpeHus IpolLecca CXOAUMOCTH UCTIONB3YIOT CleAyIOIIre Ipuemsl [7]:

1) YTOObI TOJNIYYUTh HAYaJIbHOE MPUOJIMKEHHOE peIIeHHE 3aJadd, CUUTAIOT, 4YTO
0 6 i
yHKumst U, ;j TI0 TOPH3OHTAIIHN (BEPTHKAIIN) BHYTPH O0JIACTH pacrpesieieHa paBHOMEPHO;

2) IIPY BBIUMCIEHUH MOCIEAYIOUINX NPUOIMKEHUI NCIONIB3YIOT HE TOJIbKO 3HAYEHUS B
Y3JIOBBIX TOYKaX, MOJYYCHHBIX Ha MPCAbLIAYIIECM IIare, HO U BHOBb Haﬁ[[eHHBIe 3HAYCHUA (MCTOI[
3eiiens), T.e. UCTIONB3Ys HOpPMyJTy:
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[Ipouecc mocnenoBaTeNbHOTO MPUOIMKEHHS PELIEHUsI O0BIYHO MPOAOJDKAIOT A0 TEX IMOp,

IIOKa BO BCEX Yy3JjIaX CETKH BBIINIOJIHACTCA YCIIOBUC

IZie € — 3aJaHHas NOrPEIIHOCTb BEIYUCIICHUS.
T.e. 1o Tex mop, Moka B ABYyX IOCIIEIOBATEIbHBIX NPUOIMKEHUAX HE cOBHAET Tpedyemoe
KOJINYCCTBO ACCATHYHBIX 3HAKOB.
4. YUncneHHBIH IKCIEPUMEHT
bbutn npoBeieHb! YNCIIEHHBIE SKCTIEPUMEHTHI AJIs PEIIeHUs] KOHKPETHOH 3a/1a4u:
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[Tporiecc BEIYUCIICHUS COCTOSUT U3 HECKOJIBKUX ATAIIOB:
1) BBIUKCIIEHHE HAYAJILHOTO IIPUOIMKEHNs Ha rpanuie oonactu () ;
2) BBIYMCIECHUE HAYAIBHOTO IPUOMMKEHHS BHyTpH obmactd €2 (4TOOBI MONYYHTH

HayanbHOe npubmmKkeHne BHyTpu obOmactu (2, Gymem cuwmtath, uro Qynxkimms U =u(x,))

pacnpeneneHa paBHOMEPHO 10 BEPTUKAIISIM);



3) cocTaBiieHHE CUCTEMBI anredpandeckux ypaBHeHui 1o ¢popmyrnam (7)-(11);

4) pemieHUE CHUCTEMBbl YpaBHEHUNM WTEPAIMOHHBIM METOJOM 3eWensi C TOYHOCTBIO
e=0,00L

B tabnunax 1-3 npuBeneHbl HEKOTOPHIE TPUOIMKEHUS 3a1a9H IS IISITATOYECIHOU CETKH.

Tabnuma 1. [lepBoe npubnuxeHue it MATUTOUCYHOU CETKU

8,774 8,345 7,710 6,759 5,346
4,031 2,427 2,538 2,999 3,628
0,585 -0,928 -0,802 -0,177 1,171
-1,919 -3,576 -3,905 -3,717 -2,271
-3,689 -5,142 -6,106 -6,705 -7,028

Tabmuma 2. [llectoe npubnmxeHne s MITUTOUCYHON CETKU
8,775 8,346 7,712 6,761 5,349
4,097 4,323 4,131 3,814 3,632
0,635 0,863 0,785 0,768 1,176
-1,882 -2,181 -2,547 -2,684 -2,265
-3,662 -5,121 -6,091 -6,69 -7,020

Tabnuna 3. TpuHaauaroe npubIMKEHHUE IS MATUTOUCYHON CETKU
8,775 8,346 7,712 6,761 5,349
4,097 4,395 4,203 3,850 3,632
0,635 0,935 0,858 0,804 1,176
-1,882 -2,144 -2,511 -2,666 -2,265
-3,662 -5,121 -6,091 -6,693 -7,020

Takum oOpazom, 3a 13 wutepamuii ypasoch OOCTHYb 3aJaHHON TOyHOCTU. Bpewms
BBITIOJIHEHUS TIPOTPaMMbl MeHee 1c.
Ha pucynkax 10-11 mpenacraBieHBl Ha4aJlbHOE W KOHEYHOE TPHOIFMKEHUS IS CETKH

pa3zmepom 11x15.



Pucynok 3 — Busyanuzanus KOHEYHOTO NPUOIMKEHHS

PesynbraroM unccnenoBaHUi CTala amnmpokcumanus ypaBHeHus Jlamiaca ¥ CMeEIIaHHBIX
IPaHUYHBIX YCJIOBHM B Cllydae HEPaBHOMEPHOM CETKH, MOCTPOEHUE W pealu3alus aaropuTrMa
YUCJICHHOTO PEIICHUS CMENIaHHOW KpaeBOW 3amaud, MOpOXACHHOW auddepeHInaaIbHbIM
ypaBHeHueM Jlannaca.

IIpoBeieHHBIE YMCIIEHHBIE 3KCIEPHUMEHTHI MOKAa3ajdd XOPOILIYK) CXOAUMOCTb U BBICOKYIO
BBIYUCIIUTENFHYO 3((EKTUBHOCT aJTOPUTMa YHCICHHOTO PEIICHHs] CMEIIaHHOW KpaeBoil 3a1aun
1151 ypaBHeHus Jlamaca.
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