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AHHOTAIUSA

Hctopuyecku 3anaua Adesasi ( 1823 r.) mpeacraBisieT mepBylo 3aaady, KoTopasi MpUBeJia K HEOOX0IUMOCTH
paccMOTpeHHsi MHTErpajbHbIX ypaBHeHHil. 3agaya AOens cocTOMT B cieayomeM. MatepuanbHasi TOYKA MOJ
JefiCTBHEM CWJIbl TSKeCTH JABMKETCS B BEePTHKAJBHOW IIJIOCKOCTH MO HekoTopoil kpusoil. Tpedyercs
onpeeuTh 3Ty KPUBYIO TaK, YTO0bI MaTepHaJbHAsl TOYKA, HA4YaB CBOe JBIJKeHHe 0e3 HAYAIbHOH CKOPOCTH B
TOYKe KPHBOMH JOCTHIIA HEKOTOPOii ocu 3a ompeneneHHoe Bpems . UHTerpanbHoe ypapHeHue Adessi B 001emM
cIydae He MMeeT KJIACCHYECKOro pelieHHs, TAK KAK 3TO pellleHHe B Havajle KOOPAMHAT He sIBJIseTC IIagKoil
(ynkumeii u uMeer 0cO0EHHOCTH CTelmeHHM MeHblIero eguHuubl. Ilo3TOMY BCTaeT BONPOC KaK MNOJYYHTh
HenpepbIBHO IM(pdepeHHpPYyeMoe pelleHHe 3TOro ypaBHeHusi. YTo0bl Mmoay4uTh IJIajKoe pelleHHe 3TOro
YPaBHeHHs] MBI peryJjsipudyeM 3TOr0 YpaBHeHHsI NPH TOMOIIM CHHIYJSIPHO BO3MYLIEHHOI0 MHTerpo-
auddepeHINATEHOIO YPaBHEHHsl NePBOil cTemeHH, NMPUYeM 3TO yYPaBHEHHe SIBJIsAETCS TAaKkKe ypaBHEHHEM
BTOPOro poja. PemeHue mnociaegHero ypaBHEHHsl pellaeTcsi MeTOAaMHM TNOrpaHGYHKUIUH M (PUKTHBHOrO
napamerpa. B pe3yabTaTre 4Yero pemeHHe HCXOAHOr0 YypaBHeHHMsi Aleias NPHOJIUAKAETCA HeNpPepbIBHO
auddepennupyemoii pyHkuuei, KoTopas He MMeeT B Hayajle KOOPAMHAT 0CO0EHHOCTh IO He3aBHCHMOIi
NepeMeHHOI.

KiwueBble cioBa: YpaBHeHHe AQesisi, HHTErpajbHOe YpaBHeHHEe TEPBOro poja, KJIaccM4ecKoe pellieHue,
00001IEHHOE pelleHne, ACUMNTOTHKA pellleHusi, WHTerpo-TuddepennnaibHoe ypaBHeHHE, CHHIYJISIPHO
BO3MYILIIEHHOE YpaBHEHHE, PeryJsipu30BaHHOE YpaBHEHHE, MeTOA NOrpaH(yHKUuH, MeTox (GUKTHUBHOIO
napamerpa.

REGULARIZATION OF THE GENERALIZED SOLUTION OF ABEL'S EQUATION

Historically, the problem of Abel (1823) is the first task, which led to the need to consider integral equations.
Abel’s task is as follows. The material point under the action of gravity moves in a vertical plane along a certain
curve. It is required to define this curve so that the material point, having started its movement without the
initial velocity at the point of the curve, reaches a certain axis in a certain time. In general, the Abel integral
equation does not have a classical solution, since this solution at the origin is not a smooth function and has a
singularity of degree less than one. Therefore, the question arises how to obtain a continuously differentiable
solution of this equation. To obtain a smooth solution of this equation, we regularize this equation using a
singularly perturbed first-degree integro-differential equation, and this equation is also a second-kind equation.
The solution of the last equation is solved by the methods of the boundary functions and the fictitious parameter.
As a result, the solution of the original Abel equation is approached by a continuously differentiable function
that does not have a singularity at the origin of coordinates according to an independent variable.

Keywords: Abel equation, integral equation of the first kind, classical solution, generalized solution, solution
asymptotics, integro-differential equation, singularly perturbed equation, regularized equation, boundary
function method, fictitious parameter method.

1. BBepeHue

W3BecTHO, uTO ypaBHeHHEM AOeIs Ha3bIBACTCS YPABHEHUS

O
. ﬁdt = f(X),

rae f(x) nocrarouno rianakas ¢ynkuus Ha orpeske [0,1], X — He3aBUCHMAsI TIEPEMEHHAs, KOTOPast

usmensiercst Ha otpeske [0,1], ¢(t) —HewsBecTHast YyHKITHSL.



1
Slapo sroro ypaBuenns K(x,t) = —— wuMeer B Touke x=t ci1a0yro oco0eHHOCTh. [lo3aHee
vx—t

u 6osee ob1Iee ypaBHEHUE

[~ fix) (1)

0 (x-t)¢

rie 0<a <1, 0<x<1 Takke CTaju Ha3bIBaTh ypaBHEHUEM AOes.

Omnpenenenus 1. Pemenue ypasuenus (1) u3 ximacca C[0,1] Oymem Ha3BaTh, KIACCHYECKUM
pEIICHUEM.

CnpaBennua

Teopema 1. ITycts f(x) € CV[0,1], uto6bl ypaBHenust (1) nMeno Kiaccuyeckoe pelieHne
m ¢(x) € C9[0,1]re06X0aAMMO U JOCTATOUHO BHINOTHEHHE YCIOBHUS

f(0) =0 (2)

DT0 TeopeMa BBITEKAET, U3 TOTO UTO pellleHne ypaBHeHus (1) npeacrapnsercs B BUAE

o(x) = L0 = F(x): = 9,(x) + ¢, (%) 3)

dx (x—t)i-«

rac

£(0) x  f(b)

(PO(X) =wWaT (Pl(X) =w), mdt w =

sin an

OueuyHo, uto QyHKIMs @,(X) PaBHOMEPHO OrpaHU¥EeHa, TO €CTh |(p1 ®|<m ,
HEKOTOPOM TTOCTOSTHHOW m . 371eCh U Jlajie€ BCE MOCTOSIHHBIC HE 3aBUCSINNE OT MapameTpa € Oyaem
0003HauaTh yepes m.

N3 (3) BeiTekaet, uto ecnu f(0)# 0, TO 3TO pelieHUe He NMPUHAUICKUT MPOCTPAHCTBY
C[0,1].

N3 (3) Takxke BBHITEKAET, UTO 3a7a4a ONPEIACICHHS PEIICHUS ypaBHEHUs AOeNss OTHOCUTCS K
HEKOPPEKTHO TOCTaBJICHHBIM 3a/ladaM, TaK KaK Majio€ M3MEHEHMs MPaBOl YacTU ypaBHEHUS
MO>KET IPUBECTU K OOJBIINM U3MEHEHUSM PEIICHUS.

JIeHCTBUTENIBHO, YPAaBHEHHE

f * o(t)dt
o Xx—1)°
xz—a o
nuMeer pemenne @(x) = w — . OnHako, Majoe BO3MYILEHHE MPABOM YacTH 3TOro
ypaBHEHHS
X 9(t)dt
———=x+§
o X—1)
rae § - Maloe MOJIOKHUTENLHOE YHUCIIO, NMPUBOAUT OOJBIIOMY HM3MEHEHHIO PELIEHHs, TaK Kak
pelIeHre ATOro YpaBHEHHUE BBIpaXKaeTcst opMyIIoi
000 = 0 10D
X)) =w W
2—«a xl-«a



OueBumHo, uto ¢yHkuus 6(x) He orpaHuveHa B ToYKe x=(, TO €CTh MaJOe BO3MYIICHHE
MIpaBOW YacTH ypaBHEHUS MIPUBEIIO K OOIBIIOMY U3MEHEHUIO PELLICHUS! YpaBHEHUSI.

[Mpennonoxum, uto f(0) # 0 B 3TOM ciydae penieHue (3) He SIBISETCS KIACCHYSCKUAM
pemenrieM. CTaBUTCS BOMPOC, KaKUM 00pa3oM MOXKHO «peTyJisipu30BaTh» ypaBHeHHe (1) u
MOJyYUTh KJIACCUYECKOE pelleHue Oau3koe K pemeHuto (3) miM HHade, Kakue «CHUHTYJISIPHO
BO3MYUICHHBIE» YpaBHEHHE MOJyuyeHHbIe U3 (1) MOXKHO U3ydaTh?

Harnpumep, MOKHO U3y4aTh CUHTYJISIPHO BO3MYILEHHOE YPAaBHEHUE

* 1
f x—1t)e [p(t) + eA(t, @(t)]dt = 0

rae A(t, o(t) — HeKOTOpBIN JHHEHHBIA WM HENMWHEWHBIH AuddepeHranbubii (0OOBIKHOBEHHBIM
WJIM YaCTHBIX MPOU3BOJIHBIX) OMEPaTop.

W3BecTHO, YTO NpU H3y4YeHUH YypaBHeHUH Tuma @Dpenronbma, MEpPBOrO pojaa, YTOObBI
MOJIyYUTh TPUOIMKEHHOE PpELIEHUE 3TOr0 ypaBHEHHUS CBOJAT MX K ypaBHeHuto dpexaronbpma
BTOpOTO poaa [3].

3nech 3a peryispu3OBaHHOTO YypaBHEHHUS AOenss mepBoro ponaa Oepercs OmATh Ke
CUHTYJISIPHO BO3MYIIEHHOE UHTETPO- AudepeHuanbHoe ypaBHEHHE IEPBOTO Pojia.

OTMeTuM, 4TO CO/Ep)KaHHE ITOM CTaThbH JOKJIAAbIBAJICS HAa KOH(EPEHLUH MOCBSIIEHHON

BOCBMHJIECSTHIIETHEMY IOOMJICIO aKaJieMUKa akajaeMuu Hayk Ykpauasl A.M. Camoiinenko [1].

2. CHHryJsIpHO BO3MYIIeHHOe JHUHeliHOe HHTerpo-Tu(depeHunaTbLHOE YPABHEHHE
AOeJisi mepBOro MOPsAKa

Paccmotpum ypaBHeHue (1) u ero TMHEWHOE peryasipu30BaHHOE YpaBHEHHE

_ dy(t)
=07y + 22| de = f() @
rae f(0) # 0, y(t) —neuwsBectnast ¢pyukiwms. st ypaBHeHuUs (4) MOCTaBUM HAYaIbHOE YCIOBHE
y(0) =0 3)
3anaua (5) u (6) PKBUBaJICHTHA K CIEAYIONIEH 3a1aue.
d
e20 () = —yx®) +Fx),  y(0)=0, (©)

Pemenue Hepo3myenHol 3anaun (6): yo(x) = ¢,(x) ne ynosnersopser ycnosuto y(0) = 0, Tax
kak yo(0) = ¢,(0) = .  Ham HysxHa cnenyromas

Teopema 1. 3amaya (6) uMeeT KIIACCUYECKOE PEILICHUE

X

D(x,¢) = %j e

0

(x-

s)
¢ F(s)ds

1 111 HCTrO UMCECT MECTO OLICHKA

|D(x,8)| < mef1,



rae uucio 0 <y =2(1-p),0< B < a.
JlokazarenbcTBo. IMeem
D(x,e) =1(x,€) +](x,¢),
e
1 _&x» 1 &9
I(x,¢) = w—f e’ ¢ s% s, J(x,&) = w—f e« ¢, (s)ds
€Jo €Jo
Ouesunno, ¢yukius J(x,€) orpaHnyeHa HEKOTOPOW IOCTOSHHOW. UTOOBI IMOIYYHTH

oteHKy st pyHkuuu I (X, €) mOCIIe TMOACTAHOBKH X-S=t 3aITUIIIEM €T0 B BHIE

X ot
e =(x —t)%1ds

I(x,&) = w%f

0

paseNiM 3TOT HHTErPall Ha JIBa CllaraeMbIX
I(x,€) =1,(x, &) + I,(x,¢)

rac

d t
e =(x —t)* 1dt,

1
Li(x,¢) = w—f

€Jo
X

t
e =(x — t)* 1dt, 0<$6

1
I,(x,&) = wgf

6

U3 5TUX BBIPAKEHUI TOJYYUM OLIEHKH
1
I (x,e)| <m—-6%|L(x, )] <m
€

Ecnu mapametp & BeIOpaTh, Tak uto6bl 6% = £8, Torma
|1, (x, &) < meP1,

Teopema oka3aHa.

3. CHHIyJIsIpHOBO3MYIICHHOE HeJMHeHOe HHTerpo-1uddepeHnaIbLHOE ypPABHEHHE
A0es nepBoOro nNopsiAKa

Tenepr BMecTO ypaBHeHus (1), paccCMOTpUM HEIMHENHOE PETYJIIPU30BAaHHOE YPABHEHUE

Jy =07 [y + & 22— e2y2(0)] de = £(x) ™

rae— yucio 0 <y = (1 — )71, c navaneueM ycnoBuem (5)

3anayva (7) u (5) sKkBUBaJIeHTHA K CIeIyIOICH 3a1ade

d
e 28 () = —y(x) — £2y?(x) + F(x), y(0) =0. ®)
B cumy Teopemsl 1 juist petnienust amHeapu30BaHHOM 3a1a4u (§), TO €CTh AJIA 3a1a4u
dz(x)
g¥ I x) = —z(x) + F(x), z(0)=0

HUMECT MECTO OLICHKa



|g(x, a)| <me?!
3anauy (8) 3amuiieM B BUJIE

—(x—s)
yx) =etg(xe) +e*7 fOX e ¢ y2(s) ds, 9)

rz[e| g (x, £)| <m.

Jlemma 1. Jlast mro6oii HempepsiBHoit bynkuuu h(x, €) € C(9[0,1] mmeer mecto onerka

. —(x=s)

8_yf e ¢ h(s,¢) ds| < m.
0

JlokazaTenbCTBO JE€MMBI OYEBHUIHO.
Teopema 2. AcumToTHKa pemieHue 3aaauu (9) MOXXHO TPEACTaBUTHB BUIE OOOOIIEHHOTO
acuMrtornaeckoro psiga [lyankape
y(x) = e 1g(x,8) + yo(x,€) + ey, (%,€) + -+ + €My (x,€) + - (10)
rneyy(x,e) (k=0,1,..) paBHOMEpHO OrpaHHYCHHBIC (YHKIMH, MPUYEM OSTOT PSI CXOTUTCS
paBHOMepHO Ha oTpeske [0,1].

JlokazaTenbCcTBO MPOBEIeM METOI0M (PUKTHBHOTO MapaMeTpa, T.€. B ypaBHeHHH (9) BBeIeM

apameTp A, KOTOPBI n3MeHsercs Ha otpeske [0,1]:

—(x—s)
y(x) = e1g(x,e) + 2V A f;( e ¢ y2(s) ds. (11)

Ioncrasnsas (10) B (11) u nmpupaBHHBasg KOA(PQPHUIMEHTH MPU OJMHAKOBBIX CTEHNEHIX A, s

omnpeaencHus ypy, (x,&) (m = 0,1,2,...) moay4uM ypaBHEHHS

~(x-s)
yolxe) =267 e & g(xe)(s)ds,
~(x-s)
N =267 e ¥ yxe)g(xe) ds.
~(x-s)

v(xe) =Y [Fe € g(xe)?(s)ds,

B cuny Jlemmsr 1, w3 3THX BbIpaXeHH# Bce (yHKUUU Y, (X,€) omnpemensrorTcs
OTrpaHMYEHHBIMU (QYHKLIHUSIMU.
JlokazaTenbcTBO paBHOMEpPHOW orpanndeHHOCTH psna (10) BeITekaeT W3 TOro, 4YTO

Ma)XOpaHTHBIM ypaBHeHueM [uid (11) sBisiercs anredpandyeckoe ypaBHEHHE

a=me'+2\a’ (12)
5



PEIICHUE, KOTOPOIr'0 MOXKXHO IMPEACTABUTL B BUJAC CXOAAICTO pAda
a=a &' +a,+ale+..+a,(he)" +..., (13)

TaK Kak ypaBHeHue (12) uMmeer perieHue

a=(2e’\ )" (1-V1-4mhe ) .

[loctosinHas a pasnaraetcs B psf Buaa (13) npu yciaoBuu, 4to
8mie<l

Ot0 ycnoBue BhIMonHsAETCA st moodoro A€[0,1], ecnmu mapamerp € mano. Teopema 2

JI0Ka3aHa.
3akiouenne

3/ech HEKJIACCHMUYECKOE pellleHHe YypaBHEHUs AOens mepBoro poja HpuOIMKaeTcs
CHUHTYJISIPHO BO3MYIIEHHBIM JIMHEWHBIM WJIM HETUHEWHBIM  MHTETrpo- au¢depeHrnanIbHbIM
ypaBHEHHEM THMa AOels U B pe3yibTaTe MOIYYHM KIACCHYECKOe MPUOJIMKEHHOE PEIICHUH STHX

YpaBHEHUH.
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