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AHHOTALUA

B nmamHOl paboTe paccMmaTpmBaeTcs peanm3alys UYWUCIEHHOTO pemreHus 3agadu Komm 11 OOBIKHOBEHHOTO
nuddepeHaIbHOTO YpaBHEHHS MEPBOTO MOPSAKA IBYXATAIMHBIM, TPEXAITAMTHBIM M YETHIPEXITAIHBIM Pa3HOCTHBIMU
Metogamu PyHre-KyTTBI BTOpPOTO, TpeThero W HYETBEPTOrO MOPSAKA aNMPOKCHMAIIMA COOTBETCTBCHHO Ha SI3BIKE
nporpammupoBanus C++. /laHHas mporpaMmMa MOXET OBITh MOJIE3Ha B COBPEMEHHOM MUPE B CHITY KOMITBIOTCPU3ALIUU B
Pa3IMYHBIX 00JACTAX TEXHHUKH, HAYKH MPOUM3BOACTBA. [l pelIeHHss MHOTHX 3a]ad, BCTAIOIIUX IEpPE] YCIOBEKOM B
pa3IuYHbIX chepax AeATSIILHOCTH, IPUXOTUTCS COCTABIISITh MATEMATHICCKUE MOJICITH PEaIbHBIX CUTyaIi. O4eHb 9acTo
9TH MaTEeMaTHYCCKHE MOJEIH CBOJSTCSA K PEUICHUI0 Tu(epeHIMaIbHbIX YpaBHCHHI, KOTOPBIC JOCTATOYHO PEIIUTh
YHCJICHHO. B mporpaMme MpeaycMOTPEH BBIOOP OJHOTO U3 MEPEYUCICHHBIX MeTOA0B PyHre-KyTThl MO JKelnaHUIo
monp30Batesss. KpoMe Toro, 9acThio KoJa MpOrpaMMBI SIBIISICTCS KO AJIS CO3/IaHMsI OKHA C BU3YaJIM3allieH ciieia TOUHOTO
peIIeHNs U pa3HOCTHOTO penieHus anHou 3agaun Komm. [TosToMy nanHas paboTa OyJeT Takke Mmoje3Ha U CTyACHTaM,
3aHUMAIOIIAMCS METOJaMH BBIYUCICHUH AJIS JIyYIIer0 MOHUMAHHS MPOUCXOAMIETO: YTO TAKOE Pa3HOCTHOE PEIICHUE
3amaun Komm, a 9To Takoe ciel] TOYHOTO pemieHus 3amadu Kommm; Kakoi M3 mepednciieHHBIX MeToaoB PyHre-KyTTh
SIBJIIETCST OOJIEE TOYHBIM.
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Annotation

In this paper, we consider the implementation of the numerical solution of the Cauchy problem for an ordinary first-order
differential equation by two-stage, three-stage and four-stage Runge-Kutta difference methods of the second, third and
fourth order approximation, respectively, in the C++ programming language. This program can be useful in the modern
world due to computerization in various fields of technology, production science. To solve many problems faced by a
person in various fields of activity, it is necessary to make mathematical models of real situations. Very often, these
mathematical models are reduced to solving differential equations, which are sufficient to solve numerically. The program
provides a choice of one of the listed Runge-Kutta methods at the user's request. In addition, part of the program code is
the code for creating a window with visualization of the trace of the exact solution and the difference solution of this
Cauchy problem. Therefore, this work will also be useful for students involved in computational methods to better
understand what is happening: what is the difference solution of the Cauchy problem, and what is the trace of the exact
solution of the Cauchy problem; which of the listed Runge-Kutta methods is more accurate.
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[Ipumenenue auddepeHuanbHbIX YpaBHCHUM B MaTEMaTHYECKUX MOJEISIX pPEabHBIX
MIPOLIECCOB TO3BOJIICT pEIIaTh 3a7aud B PA3IMYHBIX OOJIACTSX TEXHUKH, HAYKH, MMPOU3BOJICTBA.
Hanpumep, B simepHOl (pu3uMKe — MPH U3YYCHHH IMPOILECCOB PAAMOAKTHBHOTO PAacliaja BEIIECTB.
[TosTOMY B CHITY KOMITBIOTEPH3AIllMA OYCHb IOJIE3HO UMETh MPOTPAMMY, ITO3BOJISIONIYIO YHUCICHHO
pemnts O/LY.

Mean uccaenoBanus

[enbto uccnenoBanus siBiseTcs penienue 3anaun Komm (1)

{"—” = f(t,u),t € [a; b],

dat (1)
u(0) = u,
YUCJIICHHBIMHU METOAaMU — METOAaMU PyHFC-KYTTBI BTOpPOI'O, TPETHETO H IleTBépTOFO IMOPAZKOB
allIIpOKCUMaIH.
MaTepnaJI M METOAbI UCCJICAOBAHUA

PaccmoTpuM paBHOMEpHYIO Pa3HOCTHYIO CETKY OTpe3ka [a; b]:
T ={t, = a+t|n=0,N}, rae N — 3aJaHHOE KOIMYECTBO PABHBIX 4acTeil, HA KOTOPbIE Pa3OHT
OTpe3ok [a; b], T = b;{—a — 1Iar pa3OueHusl.

[lyctb yo = Ug, Y = Y(t,). Toraa OyayT cripaBeUIMBLI SIBHBIC pa3HOCTHBIC METO/IbI PyHTe-
Kyrrsr [1,2]:
SIBHBII ABYX3TanHblil MeTo1 PyHre-KyTThl BTOPOTro mopsiika anmnpoKCHMAaInm:

Kl = f(tn' yn)'
T T
KZ = f(tn +7'yn +?Kl)'

Yn+1 = TKy + Yn;

SIBHBIN TpE€xaTanHblil MeTo]1 PyHre-KyTThl TpeTbero nopsiika annpokCUMaIuu:

Kl = f(tn' yn)'
T T
KZ = f(tn +Elyn +§K1)'

K3 = f(t‘l’l + T; y‘l’l - TKl + ZTKZ)I
T
Yn+1 = g (K1 +4K; + K3) + vy

SBHBIN 4eThIpéxaTanHblii MeTos PyHre-KyTThl 4eTBEPTOTO MOpPSAIKA ANMPOKCUMALIHH:

[ Ky = f(tn' yn)'
T T
KZ = f(tn +§'yn +§K1)'

Ks=f(t +o +3K)
3 n Z’yn 2 2 )
L K4_ =f(t1’l +T’y‘l’l +TK3),

T
Vn+1 = 5 (K1 + 2K; + 2K5 + Ky) + yn.



byner nmnponmeMoHcTpupoBaHa —peanu3anus Ha  S3bIKe  mporpaMMmupoBanus C++
c(OopMyIHPOBaHHBIX BhIIIEe MeTO0B PyHre-KyTTsl ans pemenus 3agaun Kommw (1) B ciyuae, korna
ft,uw) =u+t,a=0b=1,N =10, a Takke OyIeT pPaCCMOTPEHA BU3YyaJU3allHs CJIea TOYHOTO
pemenus u(t) = 2et —t — 1 u Bu3yanusanus pasHOCTHOro pemenue 3anaur Komwu (1) B ogHOM
okHe. OIHAKO 3TH JaHHbIE MOXKHO HECIOXKHO OBICTPO MOMEHATh W pemmTh 3amavy Komm (1) c
npyrumu panaeivu f(t,u),a, b, N.

Pe3yabTaThl Hcc/ieIOBaHUS U UX 00CYKIEeHUE

[Iporpammusblii koa 71s perienus 3anaun Komm

du
—=u+tte0;1],

dt
u(0) =1,

eciu MenkocTh pazouenuss N = 0,1:
#include <SFML/Graphics.hpp>
#include <cmath>
#include <iostream>
using namespace sf;
using namespace std;
//MMpUHA OKHA JUTsl BU3YAJIM3allUU PEIICHUS
const int W = 752;
//BBICOTA OKHA JJIs1 BU3YaIU3al[H PEIICHUS
const int H = 802;
//cnenyronye JaHHbIE MOKHO U3MEHUTb, €CJIM HEOOXOIMMO PelIUTh Apyryto 3anauy Kommu (1)
const int N = 10;
const double a = 0;
const double b = 1;
const double y_0 = 1; //auanshoe ycnosue U(0)=1
//o6bsaBnenue ¢pynkuuu f(t,u)
double f(double t, double u) {

returnt + u;
}
//obsiBeHre (QYHKIIMU - TOYHOTO perneHus 3aaauu Kommu (1)
double ExactSolution(double x) {

return 2 * exp(x) - x - 1;
¥
int main() {

setlocale(LC_ALL, "Russian™);



/ltau - menkocTh pa3zbuenus, T - MaccHB 3HAUCHHWI PAaBHOMEPHOM Pa3sHOCTHOM ceTkH, Y -
MacCHUB 3HA4€HHUI pa3HOCTHOrO pemeHus (1)

double tau= (b -a) / N;

double T[N + 1] ={};

for (inti=1;i<=N;i++) T[i]=a+i *tau;

double Y[N + 1] = {};

Y[0]=y_0;

Iz - ycrnoBue mpoBepkH KOPPEKTHOCTH BBEAEHHBIX TAHHBIX MOJIb30BATEIIEM [TPOTPAMMBbI

double z = 0;

while (z==0) {

cout << "Meron Pynre-Kyrra kakoro mnopsiaka anmnpokcumanuu Bel xoTtute

HCIIONIB30BaTh I MpuOImkEHHOro pemenns 3anaun Kommn?" << endl << "HaxwmmuTe:" << endl <<
"2, ecaum BTOpOro mopsaka anmpokcumanuu;' << endl << "3, ecnmu Tperero mopsaKa

anmpokcumMarun;" << endl << "4, ecau yeTBEpTOrO MOPsiKa anmpokcumarun'” << endl;

int p;
cin >>p;
if (p==2)
for (inti=0;i<N;i++) {
double k1 =f(T[i], YTiD);
double k2 = f(T[i] + tau / 2, Y[i] + tau/ 2 * k1);
Y[i +1] = YJi] + tau * k2;
z=1;
¥
else if (p == 3)
for (inti=0;i<N;i++) {
double k1 =f(T[i], YTi]);
double k2 = f(T[i] + tau/ 2, Y[i] + tau / 2 * k1);
double k3 = f(T[i] + tau, Y[i] - tau * k1 + 2 * tau * k2);
Y[i+1]=Y]i] +tau/6* (k1 + 4 * k2 + k3);
z=1;
¥
elseif (p==14)

for (inti=0;i<N;i++) {
double k1 = f(TT[i], YIi]);
double k2 = f(T[i] + tau/ 2, Y[i] + tau / 2 * k1);



double k3 = f(T[i] + tau / 2, Y[i] + tau/ 2 * k2);
double k4 = f(T[i] + tau, Y[i] + tau * k3);
Y[i+1]=YJ[i]+tau/6* (k1 +2* k2 +2* k3 + k4);

z=1;

else {

cout << "Takoro BapuaHTa HET, MOBTOpUTE MOMBITKY" << endl;

//BBIBOJT pA3HOCTHOTO PEIICHUS U Clie/ia TOYHOTO pemieHust (1)
cout<<"t  y n (pa3HOCTHOE pEIICHUE) u_n (cnex Tounoro pemienus )" <<endl;
for (inti=0;i<=N;i++) cout << TJ[i] << " " << YI] <<" <<

ExactSolution(a+tau*i)<< endl;

//cnenyronuii (hparMeHT MPOrpPaMMBbl IPOTPAMMBI HAIMMCAH IS BU3YAIH3AIH Pa3HOCTHOTO
pelieHus U ciieia TouHoro pemenus (1), Oombinast 4acTh Koja 3aMMCTBOBaHa B [3]

RenderWindow window(VideoMode(W, H), "Exact (black line) and inexact (blue line)
solutions of a differential equation™);

//TIEHTP KOOPINHATHON TUIOCKOCTH

intx0=W/2;
inty0=H/2,
/locw 0X

RectangleShape OsX(Vector2f(W, 1));

OsX.setFillColor(Color::Black);

OsX.setPosition(0, y0);

/lock 0y

RectangleShape OsY (Vector2f(1, H));

OsY .setFillColor(Color::Black);

OsY .setPosition(x0, 0);

/lcTpenku Ha ocsix

RectangleShape strel[4];

for(inti=0;i<4;i++) {
strel[i].setSize(Vector2f(1, 25));
strel[i].setFillColor(Color::Black);

if (i < 2)



strel[i].setPosition(x0, 0);
else
strel[i].setPosition(W, y0);
¥
strel[0].setRotation(25);
strel[1].setRotation(-25);
strel[2].setRotation(60);
strel[3].setRotation(-250);
//BBIMIOJTHEHUE ACHCTBUMN, KOT/1a OTKPHITO OKHO
while (window.isOpen())
{
Event event;
//SaKpBITI/Ie OKHaA - Ha’KaTb Ha KPCCTUK
while (window.pollEvent(event))
{
if (event.type == Event::Closed)
window.close();
}
/By oxHa: OeJbIi SKpaH
window.clear(Color::White);
//M300pakeHue B OKHE CTPETIOK
window.draw(OsX);
window.draw(OsY);
for (inti=0;i<4;i++)
window.draw(strel[i]);
//macmrTabupoBaHue rpaduka mo ocu ox
int scalex = 100;
//macmtabupoBanue rpaduka mno ocu oy
int scaley = 100;
//BU3yanu3anus pa3HOCTHOTO pertenus 3aaauu Kommu (1)
//cuHMEe TOYKU paanyca 2 Ijs BU3yalln3alluyi pa3HOCTHOTO petteHus (1)
CircleShape point1(2.1);
pointl.setFillColor(Color::Blue);
for (inti=0;i<=N;i++) {
float x = TTiJ;



float y = Y[i]; // mam rpadux
//MCHSICM OPHUCHTAIHUIO CUCTCMbI KOOPAWHAT, T.K. IIO OINIOWAM OKHa OHA HC
sBiIsieTcs "'cTaniapTHOM"
float x1 = x0 + x * scalex;
float y1 = y0 - y * scaley;
//BBIBOAMIM Ha DKpaH pa3HOCTHOE perieHue 3aaaun Kommu(1)
pointl.setPosition(x1, y1);
window.draw(pointl);
}
//BU3yanu3anus cieaa ToyHoro perrenus 3agayn Komm (1)
//a&pHble TOYKHU paguyca | uist BU3yanu3anuu ciiea TOYHoro pemeHus (1)
CircleShape point2(1.1);
point2.setFillColor(Color::Black);
float ¢ = 1000;
intmass=(b-a)*c+1;
for (inti=0; i <mass; i++) {
floatx =a+i/c;
float y = ExactSolution(x);
float x1 = x0 + x * scalex;
float y1 = y0 - y * scaley;
point2.setPosition(x1, y1);
window.draw(point2);

}
window.display();
}
return O;

B pe3ynbraTe BBINOIHEHUS TPOrpaMMBbI, €CITU M10JIb30BaTeNb CHavyajIa OIMOETCS U Ha BOIIPOC
o BeIOOpe MeTona Pynre-Kyrtel Haxxmér 0, a 3areM HCIpaBUTCS M BbIOEpPET TPETHH MOPSIOK

anmpoKcuManuu Oy/ieT BRIBEJICHO JBa okHa (puc. 1 u puc. 2).



C:\Users\Admin\source\repos\Project 1'x64\Debug'Project1.exe - O X

MeTop PyHre-KyTTa Kakoro nopaaka annpokcMMauuu Bbi XOTUTE MCMONbL30BaTb ANA NpUBAMXEHHOTO peweHWs 3ajaun Kown?
HaxmuTe :
eC/iM BTOpOro nopaaka annpoKCUMaLWM;
3, ecnu TpeTero nopaaka annpoKCMMaLMK;
, €CNM YeTBEPTOro Mopaaka annpoKCUMaLUu

[Takoro BapuaHTa HeT, MNOBTOpUTE MOMNbITKY
ﬂETﬂA PyHrE’KyTTﬂ Kakoro nopaaka annpokcuMmauydn Bbl X0TMTE Wcnonb3oBaTb ana Hp“6ﬂ“MéHHGFD peweHuA 3aaavun Koun?
HaxmuTe :
ecnM BTOpOro NopAgKa annpoKCHMaLyu;
3, ecnm TpeTero nopagka annpoKcMMalMK;
3 ECM HETB%DTBFG nopagka annpoKCcuMauuu

(pasHocTHOe pewehune) un (cnes TOYHOrO peweHua)
1

1.11034

Puc. 1.

! Exact (black line) and inexact (blue line) solutions of a differential equation — a X

N\

Puc. 2.

3akioueHue

Takum oOpa3oMm, B paboTe MPOAEMOHCTPUPOBAHA IMPOrpaMMa, pealin30BaHHAs Ha S3bIKE
nporpammupoBanus C++ it pemenus 3agaun Kommu (1). JlaHHBIH pe3yabTaT MOXKHO HCIOIB30BaTh
JUIS CpaBHEHHUs TOYHOCTH MeToJl0B PyHre-KyTThl BTOpOro, TpeThero um 4eTBEPTOTO MOPSJIKOB
anmnpoKCUMAllMU ONBITHBIM MYTEM, a TAaK)K€ NMPUMEHSATh B PA3JIMYHBIX 00JACTSIX TEXHUKHU, HAyKH,
IIPOU3BOJICTBA.
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